For an integer r ≥ 2 and bipartite graphs H i , where 1 ≤ i ≤ r, the bipartite Ramsey number br(H 1 , H 2 , . . . , H r ) is the minimum integer N such that any r-edge coloring of the complete bipartite graph K N,N contains a monochromatic subgraph isomorphic to H i in color i for some i, 1 ≤ i ≤ r. We show that for (1))n. For ξ > 0 and sufficiently large n, let G be a bipartite graph with bipartition {V 1 , V 2 }, |V 1 | = |V 2 | = N , where N = (2 + 8ξ)n. We prove that if δ(G) > ( 7 8 + 9ξ)N , then any 2-edge coloring of G contains a monochromatic copy of C 2n .
Introduction
Let r ≥ 2 be an integer and H 1 , . . . , H r , H be given graphs. The Ramsey number R(H 1 , . . . , H r ) is the minimum integer N such that any r-edge coloring of the complete graph K N contains a monochromatic subgraph in color i isomorphic to H i for some i, 1 ≤ i ≤ r. R(H 1 , . . . , H r ) is simplified by R r (H) if H i = H for every 1 ≤ i ≤ r. Let B 1 , . . . , B r , B be bipartite graphs. The bipartite Ramsey number br(B 1 , . . . , B r ) is the minimum integer N such that any r-edge coloring of the complete bipartite graph K N,N contains a monochromatic subgraph in color i isomorphic to B i for some i, 1 ≤ i ≤ r. If B i = B for every 1 ≤ i ≤ r, then it is simplified by br r (B). We refer the reader to the book by Graham, Rothschild and Spencer [10] for an overview and a survey by Conlon, Fox and Sudakov [4] for recent developments in Ramsey theory. In this paper, we focus on bipartite Ramsey number of cycles.
Let C n be a cycle of length n. The Ramsey number R(C m , C n ) has been completely determined by several authors, including Bondy and Erdős [2] , Faudree and Schelp [8] , and Rosta [21, 22] . Bondy and Erdős [2] conjectured that if k ≥ 2 and n ≥ 3 is odd, then R k (C n ) = 2 k−1 (n − 1) + 1. Luczak [20] proved that for n odd, R 3 (C n ) = 4n + o(n). Recently, Jenssen and Skokan [13] resolved the above conjecture of Bondy and Erdős [2] for large n. Benevides and Skokan [1] proved that there exists n 1 such that for every even n ≥ n 1 , R 3 (C n ) = 2n. Sárközy [23] showed that, for every r ≥ 2 and even n, R r (C n ) ≤ (r − r 16r 3 +1
)n + o(n). Davies et al. [5] showed that R r (C n ) ≤ (r − 1 4 )n + o(n) for r ≥ 4. Recently, Knierim and Su [14] improved the upper bound on the multicolour Ramsey nunbers of even cycles to R r (C n ) ≤ (r − 1 2 )n + o(n) for r ≥ 4. The bipartite Ramsey numbers for cycles has also been studied actively. A lower bound b r (C 2n 1 , C 2n 2 , . . . , C 2nr ) ≥ r i=1 n i − r + 1 is implied by the following construction: Let N = r i=1 n i −r. Take the complete bipartite graph K N,N with the vertex set U = {u 1 , u 2 , . . . , u N }, V = {v 1 , v 2 , . . . , v N }. Partition it into r color classes H k (k = 1, 2, 3, . . . , r), in which u s v t is an edge in H k if and only if u s ∈ U and
Clearly, H k dose not contain C 2n k as a subgraph. This gives the lower bound.
Zhang et al. [25, 26] determined br(C 2n , C 4 ) = n + 1, br(C 2n , C 6 ) = n + 2 for n ≥ 4. Goddard et al. [9] determined br(C 4 , C 4 , C 4 ) = 11. Joubert [12] showed that br(C 2t 1 , C 2t 2 , . . . , C 2t k ) ≤ k(t 1 + t 2 + · · · + t k − k + 1), where t i is an integer and 2 ≤ t i ≤ 4, for all 1 ≤ i ≤ k. Recently, Shen, Lin and Liu [24] showed that br(C 2n , C 2n ) = 2n + o(n). Let t i ≥ 3 be positive integers for all 1 ≤ i ≤ k, Hattingh and Joubert [11] proved that br(C 2t 1 , C 2t 1 , . . . , C 2t k ) ≤ k(2t − 4k + 1), where t = t 1 + t 2 + · · · + t k . Bucić, Letzter and Sudokov [3] showed that br 3 (C 2n ) = (3 + o(1))n.
The authors [19] showed that br r (C 2n ) ≤ r(1 + 1 − 2 r )n + o(n) for r ≥ 2. In this paper, we show the following result. Theorem 1.1 For ξ > 0 and α 1 , α 2 > 0, there exists n 0 such that for any n ≥ n 0 the following holds: If N ≥ (α 1 + α 2 + 8ξ)n, then any 2-edge coloring of K N,N contains a monochromatic copy of C 2⌊α 1 n⌋ in color 1 or C 2⌊α 2 n⌋ in color 2.
The following result is implied by Theorem 1.1.
We also obtain the following result on bipartite Ramsey numbers of large cycles in multicolorings.
. . , r − 2 and ξ > 0, there exists n 0 such that for any n ≥ n 0 the following holds: If N ≥ ( r i=1 α i + (r + 2)r!ξ)n, then any r-edge coloring of K N,N contains a monochromatic copy of C 2⌊α i n⌋ for some 1 ≤ i ≤ r.
The following result is implied by Theorem 1.3.
For a graph G, denote by V (G) the set of vertices of G and δ(G) the minimum degree. Motivated by a new class of Ramsey-Turán type problems raised by Schelp [16] . The intent is to find the smallest positive constant 0 < c < 1, such that if δ(G) ≥ c|V (G)|, then any r-edge-coloring of G contains a monochromatic subgraph H. If α 1 = α 2 = 1, then Theorem 1.1 can be strengthened to the following result. Theorem 1.5 For ξ > 0, there exists n 0 such that for any n ≥ n 0 the following holds: Let G be a bipartite graph with bipartition {V 1 , V 2 }, |V 1 | = |V 2 | = N = (2 + 8ξ)n, and δ(G) > ( + 9ξ)N. Then any 2-edge coloring of G contains a monochromatic copy of C 2n .
We will give the proofs of Theorems 1.1, 1.3 and 1.5 in Sections 2, 3 and 4 respectively. The basic idea of the proof of Theorems 1.1 and 1.5 follows from the work of Figaj and Luczak [7] : Apply the bipartite form of the regularity Lemma to K N,N , consider the auxiliary graph by viewing each part in the regularity partition as a vertex, show the existence of a "fat" connected matching and expand it to a "long" cycle. The crucial part is to show the existence of a "fat" connected matching in the auxiliary graph. In [7] , the host graph is a complete graph and the auxiliary graph is an "almost" complete graph. In our case, the host graph is changed to a complete bipartite graph (or a bipartite graph with "large" minimum degree) and the auxiliary graph is an "almost" complete bipartite graph (or a bipartite graph with "large" minimum degree).
2-color bipartite Ramsey number of cycles
For a graph G, let E(G) be the set of its edges and e(G) = |E(G)|. Denote the degree of a vertex v in a graph G by d G (v) and the neighbors of v in a graph G by N(v). We shall denote by G[H] the induced subgraph of G by H ⊆ V (G). A set M of pairwise disjoint edges of a graph G is called a matching. M saturates a vertex u or u is M-saturated if there is an edge in M incident with u; otherwise, u is M-unsaturated. A matching M is connected in G if all edges of M are in the same component of G. If the edges of G are r-colored, then let G i denote the spanning subgraph of G with all edges colored by i.
The Regularity Lemma
Let A, B be disjoint subsets of V (G). Let e(A, B) = e G (A, B) denote the number of edges {u, v} with u ∈ A and v ∈ B. The ratio
is called the edge density of (A, B). 
Benevides and Skokan [1] gave the next lemma which is a slightly stronger version of Claim 3 in [20] . . Then for every l, 1 ≤ l ≤ n − 5ǫn β , and for every pair of
, G contains a path of length 2l + 1 connecting v ′ and v ′′ .
We will use the following multicolored regularity lemma for bipartite graphs. 
Proof of Theorem 1.1
We may assume that 0 < ξ ≤ 10
Let n be a sufficiently large positive integer. Consider a 2-edge coloring of K N,N , where N = (α 1 + α 2 + ξ)n. Lemma 2.3 guarantees that there exists a partition {W
Now we define the reduced bipartite graph H in the following way: the vertex set of H is {v
k }, where s = 1 or 2, and the edge set is defined as
Note that by (2) ,
We define a 2-edge coloring of H = H 1 H 2 in the following way: for f ∈ {1, 2}, we put the edge v
The following crucial Lemma guarantees the existence of a large connected monochromatic matching in the 2-edge coloring of H = H 1 H 2 .
Lemma 2.4 For 0 < α 2 ≤ α 1 ≤ 1 and 0 < ξ < 10 −3 , there exist N 0 , such that for each bipartite graph with bipartition
The proof of Lemma 2.4 will be given in subsection 2.3. Apply Lemma 2.4 with k = (α 1 + α 2 + 8ξ)k ′ to the 2-edge coloring of H = H 1 H 2 . Thus there exists some f ∈ {1, 2}, such that one of the components of H f contains a matching M * saturating at least 2a
which contains all edges of M * . Since F * is a tree, so W must be of even length. Applying Fact 2.1 repeatedly, we can show that there exist v
for each r;
is not an edge in M * (view an edge in the closed walk as in M * only when it is in M * and the closed walk first passes it), then v
in M * can be enlarged to a path of length 2l + 1 connecting u
ir and u
. Therefore, there exists a cycle in G f of each even length
where the last inequality holds when 0 < ǫ ≤ 1 2 ξ 7 . Therefore, G f contains a cycle of length 2⌊a f n⌋ for some f ∈ {1, 2} and so does G.
Proof of Lemma 2.4
We will apply the following results given by Figaj and Luczak in [7] . The first one is a direct consequence of Tutte's 1-factor Theorem. (2) G contains no edges joining T and U;
We will show the following result.
Then any 2-edge coloring of G leads to a monochromatic component with at least
Proof. Let us consider a 2-edge coloring of G, say, red and blue. Let F 1 be a monochromatic component in G with largest number of vertices, say, red. If |V (F 1 )| ≥ (α 1 + α 2 + 3ξ)k ′ , then we are done. Hence we may assume that
By lemma 2.6, we can take 
Now we will give the proof of Lemma 2.4.
Proof of Lemma 2.4. For 0 < α 2 ≤ α 1 ≤ 1, let G be a bipartite graph with bipartition
Let us consider a 2-edge coloring of G, say, red and blue. Let F 1 denote a monochromatic component of G with the largest number of vertices and C = V (F 1 ). Without loss of generality, assume that the edges of F 1 are colored by red and F 1 does not contain a connected matching saturating at least (2α 1 + 0.1ξ)k ′ vertices. By Lemma 2.7, we have
Hence we may assume that |V 1 C|,
contain a blue connected matching saturating at least (2α 2 + ξ)k ′ vertices. Hence we may assume that 
Since F 1 contains no matching saturating at least (2α 1 + 0.1ξ)k ′ vertices, then by lemma 2.5, there exists T, U, S such that C = T U S, e F 1 (T,
6 k ′ for every v ∈ T , and
contains a blue connected matching saturating at least |T 2 | + |T 1 | > (α 2 + 8ξ)k ′ vertices.
Multicolor bipartite Ramsey number of cycles
Similar to that crucial part of the proof of Theorem 1.1 is to show Lemma 2.4, to complete the proof of Theorem 1.3, it is crucial to show Lemma 3.1. Next we give the proof of Lemma 3.1, and omit details of the proof of Theorem 1.3. 
. . , r − 2 and 0 < ξ ≤ min{((r + 2)r!) −3 α 1 , ((r + 2)r!) −3 α 2 , 10 −3 }. Let G be a bipartite graph with bipartition
We proceed by induction on r. For r = 2, by Lemma 2.4, we are done. Now suppose that the lemma is true for r−1 and prove it for r. Since r!ξk 
If H contains a connected matching saturating at least (2α i + 0.1ξ)k ′ vertices, then we are done. Hence we may assume that H does not contain a connected matching saturating at least (2α i + 0.1ξ)k ′ vertices. By Lemma 2.5, there exists disjoint T, U and S such that C = T U S,
for sufficient large k ′ , and in H, there are at most [ In this case, we can weaken the condition on
j=1 α j + (r + 1)(r − 1)!ξ)k ′ , then by the induction hypothesis, G[C V 1 , V 2 \C] contains a matching saturating at least (2α j + 0.1ξ)k ′ vertices colored by the j-th color for some 1 ≤ j ≤ r −1. Hence we may assume that
Without loss of generality, assume that |V 1 (U S)| ≤ (a r + 0.1ξ)k ′ . Thus
Note that ξ 3r+5 (
] contains a matching saturating at least (2α j + 0.1ξ)k ′ vertices colored by the j-th color for some 1
contains a matching saturating at least (2α j + 0.1ξ)k ′ vertices colored by the j-th color for some 1 ≤ j ≤ r − 1.
Hence we may assume that
] contains a matching saturating at least (2α j + 0.1ξ)k ′ vertices colored by the j-th color for some 1 ≤ j ≤ r − 1. 
Combine with Case 1, the proof is complete. Hence we can assume that or N B (v) ) the set of red (or blue) neighbors of a vertexv in G, respectively.
Degree form of the Regularity Lemma
In the proof of Theorem 1.5, We shall use the degree form of the Szemerédi Regularity Lemma for an edge-colored bipartite graphs (see [15] , Theorem 1.10). 
Having applied the above form of the Regularity Lemma to a 2-edge coloured bipartite graph, we need the following definition. 
Proof of Theorem 1.5
We may assume that 0 < ξ ≤ 10 −3 . Let G be a bipartite graph with bipartition {V 1 , V 2 }, |V 1 | = |V 2 | = N = (2 + 8ξ)n, and δ(G) > ( Indeed, by (4), we have δ(G ′ ) ≥ ( + ξ)k. Then there exists some i ≥ 1 and some s ∈ {1, 2} such that
is an edge of H. Hence
+ 8ξ − 2d)N. Then we will prove the following crucial lemma whose proof will be given in subsection 4.3. Apply Lemma 4.3 with k = (2 + 8ξ)k ′ to the 2-edge coloring of H = H R H B . Thus there exists some f ∈ {R, B}, such that one of the components of H f contains a matching M * saturating at least 2a = (2 + 0.1ξ)k ′ vertices. Let F * be a minimal connected tree of
which contains all edges of M * . Since F * is a tree, so W must be of even length. Applying Fact 2.1 repeatedly, we can show the existence of v
ip has at least for each p;
is an edge in H f .
ip and
. Therefore, there exists a cycle in G f of each even length l ′ = a j=1 2l j + t, where 1 ≤ l j ≤ (1 − 
Therefore, G f contains a cycle of length 2n for some f ∈ {R, B}.
Proof of Lemma Lemma 4.4 ( [6])
Let n be even and k ≥ 2, and let G be a k-partite graph on n vertices with the vertex set partitioned as
and for all x ∈ X i , then G is connected and contains a perfect matching.
The following corollary is immediately from Lemma 4.4. n for x ∈ X Y , then G is connected and contains a perfect matching.
We will show the following result. Proof. Let us consider a 2-edge coloring of G and let F 1 be a monochromatic component of G with the largest number of vertices (say, red, and another color is blue).
) is connected and has (2 + 6ξ)k ′ vertices. Hence we may assume that
is blue and connected, and this is a large monochromatic component than F 1 , a contradiction. Now we will give the proof of Lemma 4.3.
Proof of Lemma 4.3. Let G be a bipartite graph with bipartition
+ ξ)(2 + 8ξ)k ′ . Let us consider a 2-edge coloring of G, say, red and blue. Let F 1 denote a monochromatic component of G with the largest number of vertices and C = V (F 1 ). Without loss of generality, assume that the edges of By Lemma 2.5, there exists disjoint T, U and S such that C = T U S,
for sufficient large k ′ , and for any v ∈ T , there are at most (2 + 8ξ)k ′ < ξ 2 k ′ red neighbors in T and no red neighbors in U . Clearly, 
Remark
Let U and V be vertex sets. Denote by U R ∼ V (or U B ∼ V ) be the complete bipartite graph whose edges are all colored in the red color (or in the blue color). Let U = 4 i=1 U i , V = 4 i=1 V i , and |U i | = |V i | = n, i = 1, 2, 3, 4. Take a vertex u ∈ U 3 , v ∈ V 1 . Now construct a 2-colored edge bipartite graph H with bipartition {U, V } as follows:
It is clear that the bipartite graph H with bipartition {U, V }, |U| = |V | = N = 4n, and δ( H) = 3 4 N contains neither red cycle C 4n nor blue cycle C 4n . We propose the following problem. . Let us ask whether c = 3 4 holds?
